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PROPAGATICN OF AN ARBITRARILY ORIENTED RECTILINEAR 'E+& 
CRACK DURING EXTENSION OF A PLA'lX* 

V. V. Panasyuk , L .T . Berez hni t sk iy  , and S .Ye. Kov*_ 
(L f vov) 

/3L+Y 
The e f f e c t  of t h e  o r i e n t a t i o n  of a r e c t i l i n e a r  crack, on 
i t s  propagation dur ing  u n i a x i a l  extension o f  a p l a t e  i s  
mathenaatical.ly analyzed, assuming t h a t  t h e  material of t h e  
i s o t r o p i c  p l a t e  obeys Hookefs law and t h e  e x t e r n a l  f o r c e  
a c t s  perpendicular ly  t o  t h e  crack. The i n i t i a l  d i r e c t i o n  
of propagation of t h e  crack is always c lose  t o  t h e  d i r e c t i o n  
n o m 1  t o  t h e  l i n e  of a c t i o n  of the  e x t e r n a l  fo rce .  A 
formula f o r  c a l c u l a t i n g  t h e  magnitude of t h e  e x t e r n a l  f o r c e  
a t  i n c i p i e n t  propagation of t h e  crack and t h e  c r i t i c a l  
breaking stress i s  derived. 
plane of t h e  crack and t h e  tangent t o  i t s  i n i t i a l  p r o p g a -  

A t  l a rge  angles  made by t h e  

t i o n  path, t h e  crack p r o p g a t e d  a t  stresses below u n i t y  
&'I." // 

The problem of t h e  propagation of a r e c t i l i n e a r  crack i n  -subjected 
t o  t e n s i l e  stresses by e x t e r n a l  f o r c e s  symmetric with respec t  t o  t h e  plane of 
t h e  crack has been considered previously (Bibl.1, 2, 4, 7, 8). 
e f f e c t  of  t h e  o r i e n t a t i o n  of t h e  crack on its p r o p g a t i o n  dur ing  extension of 
t h e  p l a t e  has  not been s u f f i c i e n t l y  s tud ied .  
s u l t s  of a n a l y t i c  and experimental s t u d i e s  of t h e  propagation of a r e c t i l i n e a r  
crack of a r b i t r a r y  o r i e n t a t i o n  under un iax ia l  extension of t h e  p l a t e .  

However, t h e  

I n  t h i s  paper we give c e r t a i n  re- 

The a n a l y t i c  s o l u t i o n  of t h e  problem i s  based on o t h e r  papers (Bib1.1, 3) 
and on c e r t a i n  assumptions as t o  t h e  i n i t i a l  d i r e c t i o n  of propagation of t h e  
crack. 

Sec t ion  1. S t r e s s e s  Near t h e  Ends of a Crack i n  an E l a s t i c  P l a t e  

Let us consider a n  unbounded i s o t r o p i c  p l a t e  wi th  a r e c t i l i n e a r  crack ( o r  
notch) of length  24. 
x@ (F ig . l ) ,  and will cons ider  that t h e  mater ia l  of t h e  p l a t e  obeys Hookets l a w  
u n t i l  f a i l u r e  ( t h e  th i ckness  of t h e  p l a t e  is taken as u n i t y ) .  

We in t roduce  a system of r ec t angu la r  Car tes ian  coordinates 

A t  i n f i n i t e l y  d i s t a n t  p i n t s  of t h e  p l a t e ,  l e t  t e n s i l e  f o r c e s  of a n  i n t e n s i -  
t y  p d i r e c t e d  a t  a n  ang le  cy t o  t h e  l i n e  of t h e  crack (F ig . l ) ,  a c t  on t h e  p l a t e .  

* Scme of t h e  r e s u l t s  of t h i s  work have been reported by V.V.Panasyuk and 
L.T.Berezhnitskiy a t  t h e  I1 All-Union Conference on Theore t i ca l  and Applied 
FIechanics. 

H- Numbers i n  t h e  margin i n d i c a t e  pagination i n  t h e  o r i g i n a l  fo re ign  te&. 



Let u s  determine, f o r  t h i s  problem, t h e  components of t h e  stress t e n s o r  near  t h e  
ends o f  the  crack. 

The components 0, oy , O x y  of t h e  stress t e n s o r  a t  a n  arbitrary poin t  of a n  

4 I 
I I 

--I P 

Fig.  1 

e la s t i c  p l a t e  are expressed i n  terms of  t h e  a n a l y t i c  func t ions  @ ( z )  and n ( z )  by 
t h e  aid of t h e  r e l a t i o n s  (Bibl.3): 

- 
where z = x + i y ,  z = x - iy. 

I n  the  case under considerat ion,  t h e  func t ions  4 ( a )  and n(z)  are  of t h e  
form (Bibl.3) 

where r = + , r t  = P -2 ia  
T - e  
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.' 
The square r o o t  represents  t h e  branch f o r  which z" d m  = 1 as z -. a. 

To s tudy  t h e  stress state near  t h e  ends of t h e  crack, it is o f  advantage 
t o  pass from t h e  coordinates  B y  t o  t h e  new coordinates ~ 0 1 ~ 1 ,  and a l s o  t o  use 
t h e  polar  coordinates  ( r ,  9 )  as shown i n  Fig.1. 
of  t r a n s i t i o n  t o  a new coordinate  system (a = 4) 

Then, making use of t h e  formula 

t h e  components o f  t h e  stress t enso r ,  i n  t h e  polar  coordinates  r, B with t h e  
cen te r  a t  t h e  vertex of  t h e  crack, can be wr i t ten ,  on t h e  basis of eqs . ( l ) ,  as 
f 0 l lows : 

u, + uJg = 4 Re@, (zJ; 

ug - a, + 2iU18 = 2 [GI - 2,) a; (2,) + 
Q1 (2,) -al (z,)~e*'~. 

Equations (2) and (3) w i l l  y i e l d  

f$L (ZJ =T P (1 - 21a 
z1 + P 210. 

e )v-;+Te 

P 21 + 1 . P p a  

SZ, (23 = v m - 7  (1 - e2Ia) 

Making f u r t h e r  use of eqs.(L) and (5), we f ind  

u, + ua = p Re [(I -e''') 

us - u, f 2iu,, = p 

'1 + 

m,1+ 2: 
] +pcos 2a; 

+ 

- 
(1 - e2") (zl - ZJP 

- cos 2a 1 e2'8. 21 + 1 + isin 2a 
1 / q  + 2: 

(4) 

C n s i d e r  now a small re ion  near  t h e  ends of t h e  crack, i.e., ,he p i n t  SE 
for which t h e  i n e q u a l i t y  I z1 < 4, holds. In  t h e  case I z1 I 4 we may write 

L 
u 
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Writ ing similar representa t ions  f o r  each term of  eqs. (6) and combining t h e  terms 

with t h e  same powers of  ( 2 1 ,  (z1 = r e'', r Q t), we o b t a i n  t h e  fo l lowing  

expressions f o r  t h e  components of t h e  stress t enso r :  

& 144 

a,= 
4 

I 

orb = 4 fg [sinza (sin P, + sin - 3 t 3 )  2 +sinacosa x 

I 
x 

where t h e  term 0 (d+) i nd ica t e s  t h a t  t h e  residual term of t h e  ser ies  i s  o f  t h e  
I 

I 

We note that, f o r  t h e  genera l  case of  a two-dimensional extension o f  a 

~ 

p l a t e  with a r e c t i l i n e a r  crack, t h e  formulas f o r  t h e  components of  t h e  stress 
t e n s o r  w i l l  have a n  analogous form, as shown elsewhere (Bibl.6, 9). 

I Sec t ion  2. Determination of  t h e  Value of t h e  C r i t i c a l  Ex te rna l  S t r e s s e s  

It has been shown (Bibl.1) that external f o r c e s  app l i ed  t o  a body with a 
macroscopic crack w i l l  become c r i t i c a l  i f  t h e  r e s u l t a n t  tensi1.e stresses i n  t h e  
neighborhood of t h e  ends of t h e  crack,  ca lcu la ted  by t h e  methods of c l a s s i c a l  
e l a s t i c i t y  theory  (without t ak ing  account  of t h e  cohesive f o r c e s  between t h e  
edges o f  t h e  crack)  increase  by t h e  l a w  

where s is  a small d i s t ance  f r o m  the v e r t e x  of t h e  crack, and K is a material 
constant ;  i n  t h e  case of plane s t r a i n ,  we have 



and, i n  t h e  case of plane stress, 

I n  eqs (10) and (11) , E is  Youngts modulus, v is  Poissonts r a t i o ,  and y is  t h e  
i n t e n s i t y  of sur face  energy. 

We w i l l  f u r t h e r  consider  (Bibl.5) t h a t  t h e  i n i t i a l  propagation of t h e  crack 
takes  place along l i n e s  normal t o  which t h e  t e n s i l e  stresses reach t h e  maximum 
poss ib le  i n t e n s i t y .  
with t h e  l a w  ( 9 ) ,  we ob ta in  t h e  following equation f o r  determining t h e  c r i t i c a l  
values  of t h e  external fo rces  p = p%: 

On t h e  b a s i s  of t h i s  assumption, and a l s o  i n  accordance 

/51 

where t h e  angle  8 
t h e  crack, satisfies t h e  r e l a t i o n  

which determines t h e  i n i t i a l  d i r e c t i o n  of propagation of P 

Making use of eqs.(8) it i s  possible ,  after t h e  necessary t ransformations,  t o  
,.e, wA;te eq.(13) as follows: 

+ sin a cos a cos -- +3 cos - '3 = o. sin2 a sin - + sin - ( t  ( :  38* 2 ) 
Solving e q . ( a )  f o r  3,, it i s  easy t o  f ind  those  values  of t h e  angle  a,, a t  

which op reaches i t s  maximum i n t e n s i t y .  
angle  2, are determined by t h e  formula 

For 0 5 Cy s n/2, such values  of t h e  

6cotZu + 1 -v8cotza  + 1 p. =-2 arcsin 

S u b s t i t u t i n g  t h e  value of t he  s t r e s s  08 represented by eq. (8) i n t o  eq.(12) 
and passing t o  t h e  limit as r -, 0, w i l l  y ie ld  t h e  following formula f o r  deter-  
mining t h e  l i m i t i n g  value of t h e  e x t e r m 1  stresses p = P + ~ :  

. K1/Z-  1 p , =  -. 8. 
sin2 a cos--- 3 sin a cos a sin- 2 

JC Vi 
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t 
where t h e  angle  P-!+ i s  determined by eq.( l5) .  

On the  basis of eqs.(15), (16), and (lo), f o r  CY = n/2, we f i n d  

i .e. ,  we ob ta in  t h e  well-known G r i f f i t h  formula f o r  a p l a t e  with a r e c t i l i n e a r  
crack when t h e  external stresses p a c t  i n  a d i r e c t i o n  perpendicular  t o  t h e  l i n e  
of  t h e  crack. 

A graph f o r  t h e  v a r i a t i o n  of t h e  i n i t i a l  d i r e c t i o n  of propagation of t h e  
crack (value of angle  5,) with o r i e n t a t i o n  of  t h e  crack (angle a )  i s  given i n  
Fig.2, indicated,  i n  accordance with eq.(15), by t h e  heavy l i n e .  
c l e a r  from t h e  diagram t h a t  t he  i n i t i a l  d i r e c t i o n  of propagation of  t h e  crack 
is  always c lose  t o  t h e  d i r e c t i o n  perpendicular  t o  t h e  l i n e  of  a c t i o n  of  t h e  
external t e n s i l e  stresses p. 

t h e  quant i ty  p3c - * f l  with t h e  angle  CY, plo t t ed  according t o  eq. (16). 

It will be 

Figure 3 i s  a graph of t h e  c o r r e l a t i o n  between 

K i/z 

Sec t ion  3. Experimental S tudies  

To v e r i f y  o u r  t h e o r e t i c a l  s t u d i e s  we r a n  experiments (see Fig.))  on p l a t e s  
of  s h e e t  g lass  ( s i l i c a t e  and organic)  whose dimensions L x b x h are given i n  /52 

a rad 

Fig.  2 

Tables 1 and 2. A hole 6 mm i n  diameter  was d r i l l e d  i n  t h e  cen te r  o f  each 
p l a t e .  By t h e  a i d  of a g l a s s  c u t t e r ,  a r e c t i l i n e a r  crack was made i n  each 

6 



/i .’ 
p l a t e ,  i n  t h e  d i r e c t i o n  of t h e  hole diameter, a t  a c e r t a i n  angle CY (Fig.1) t o  
t h e  longi tudina l  axis of t h e  p l a t e .  Then, by a s p e c i a l  device ( app l i ca t ion  of 

- t i - -  

= - t i - -  - 
Fig.3 

f o r c e s  t o  t h e  edges of t h e  hole  i n  a d i r ec t ion  perpendicular t o  t h e  l i n e  of 
t h e  crack) ,  t h e  i n i t i a l  crack was extended through t h e  e n t i r e  thickness  of t h e  
p l a t e  and was propagated on both s i d e s  t o  a c e r t a i n  length 24. 
l ength  26 of t h e  i n i t i a l  crack and t h e  angle CY. 
of s i l i c a t e  and organic  g l a s s  with cracks of varying length (2&) and varying 
angles  a a t  0 < CY 

/r3 
We measured t h e  

I n  t h i s  way we prepared p l a t e s  

n/2. 

The p l a t e s  were checked on t h e  p l a r o s c o p e  t o  e s t a b l i s h  t h e  nature  of t h e i r  
residual s t r e s s .  
i n  t h e  d i r e c t i o n  of t h e  long i tud ina l  axis of  t h e  p l a t e  on an MR-0.5 t e n s i l e  
t e s t i n g  machine with a speed of 6.6 x 
specimens were connected with t h e  gr ips  of t h e  machine i n  two ways: 1) by d r i l l -  
i n g  holes  i n  t h e  specimens far f r o m  t h e  crack and a t t ach ing  t h e  p l a t e  by b o l t s  
t o  t h e  metal g r ips ,  and 2) by cementing dermatin ( l e a t h e r e t t e )  clamps t o  t h e  
end of t h e  p l a t e .  The two forms of attachment gave t h e  same r e s u l t s  i n  t h e  ex- 
periments (within t h e  accuracy of measurement). 

The specimens so prepared ( p l a t e s )  were subjected t o  tens ion  

m/sec f o r  t h e  a c t i v e  g r ip .  The 

During extension of a p l a t e  with a crack d i r ec t ed  a t  an angle  CY t o  t h e  
l i n e  of ex tens ion  of t h e  p l a t e ,  t h e  external  f o r c e  p = p3$ a t  which t h e  crack /54- 
began t o  propagate and t h e  p l a t e  ruptured was determined. 
da t a  we determined t h e  c r i t i c a l  (breaking) s t r e s s  by t h e  formula 

From t h e  experimental 
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where the  subsc r ip t  CY means that t h e  q u a n t i t i e s  i n  ques t ion  refer  t o  a crack 
making an angle  CY with t h e  longi tudina l  axis of t h e  p l a t e .  

44.00 r(/2 
35.50 n/2 
34.00 n/2 
33.35 5nI12 
30.95 5x112 
32.47 5n/12 
32.54 511112 
33.03 7n/18 
35.91 7n/18 
34.85 n /3  
31.47 n /3  
36.32 n /3  
34.88 nl4 
37.32 n/4 
36.00 n/4 
56.53 n/6 
55.57 n/6 
80.16 n/6 

44.18 n i l2  
82.67 n i l2  
17.67 n/36 

92.68 n/12 

TABLE 1 

132.5 
81.4 
84.8 
83.8 
85.3 
69.8 
84.8 
77.5 
90.7 
91.2 
83.8 
71.2 
95.7 

112.8 
110.4 
114.7 
144.2 
98.1 

213.0 
103.0 
270.0 

224.5 

c_ 

L m n  - 
250 
238 
238 
238 
238 
250 
250 
250 
250 
238 
238 
250 
238 
238 
238 
250 
250 
250 
300 
300 
300 
300 

41.24 
45.15 
62.88 

120.85 
138.83 

- 
%rn - 
249 
179 
1 78 
178 
1 78 
1 50 
I50 
I 50 
150 
I78 
I78 
150 
I78 
178 
I78 
179 
I80 
180 
I80 
124 
121 
120 

ni4 168.0 o.9.i.10 
n/6 183.5 1.0132 
n i l2  285.0 1.2130 

211145 219.5 1.2200 
a136 423.0 1.1933 

~ 

250 

370 440 I 250 250 

hmm - 
2.20 
1.73 
1.73 
I .69 
1.63 
2.09 
2.03 
2.10 
2.11 
1.70 
1.79 
2.03 
1.79 
1.92 
1.80 
2.02 
2.22 
2.16 
2.22 
1.75 
1.91 
1.88 

p'" 
rld 

0 
0 
0 

0.4724 
0.4829 
0.4390 
0.3629 
0.4236 
0.5973 
0.7549 
0.6062 
0.7230 
0.7878 
0.9393 
0.8304 
0.9326 
1.1188 
0.9216 
1.0653 
1.1688 
1.1950 
1.2273 

- 

TABU% 2 

1.02 
1.13 
1 . 1 1  
1.13 
1 .oo 
1.08 
1.04 
1.02 

42.06 5nj12 131 o 0.3982 
43.881 XI3 I129:01 0.6612 

It must  be noted t h a t  on s i l i c a t e  Elas: 

p(r) 

rid 

0 
0 
0 

0.4918 
0.3569 
0.3892 
0.3473 
0.4599 
0.5229 
0.7139 
0.7186 
0.7596 
0.8526 
0.9251 
0.8090 
1.0641 
1.0780 
1.0013 
1.0177 
1.0728 
1.1234 
1 .2256 

pi"' 
tad 

0 
0.3912 
0.7794 
0.9160 
1 .ON6 
1.2263 
1.1917 
1.2866 

p(tot1 

&d 

0 
0 
0 

0.4821 
0.4199 
0.4141 
0.3551 
0.4467 
0.5601 
0.7344 
0.6624 
0.7413 
0.8202 
0.9322 
0.8197 
0.9984 
1.0984 
0.9615 
1.0415 
1.1208 
I .  1592 
1.2265 

P . V  

1.61 
1.57 
1.61 
1.61 
1.58 
1.53 
1.54 
1.43 
1.72 
1.76 
I .48 
1 .41  
1.78 
2.01 
2.07 
2.39 
2.69 
2.27 
5.42 
3.96 
4.05 

12.95 

0 
0.3947 
0.7203 
0.9300 
1.0414 
1.2197 
1.2058 
1.2399 

s pe c h e n s  we 

3.28 
3.00 
3.08 
3.82 
4.33 
8.37 

14.45 
28.30 

bseri 

- 
'1 

1 .Of 
0.99 
1.01 
I .01 
0.99 
0.96 
0.97 
0.90 
I .08 
1.10 
0.92 
0.88 
1.12 
1.26 
1.30 
1.50 
1.69 
1.42 
3.40 
2.48 
2.54 
8.12 

- 

'1 - 
I .oo 
0.92 
0.94 
1.16 
1.51 
2.55 
4 .41  
8.63 

Id t h e  propaga- 
t i o n  ( ro ta t ion)  of t h e  i n i t i a l  crack at'-stresses p somewhat lower than  p-s 
( a t  p of about 0.95 p+$). 
t h e  angle  (Y. 

This phenomenon was observed on ly  a t  l a r g e  values  of 
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1 
J 

After  rupture  of t h e  
by measuring i t s  value on 
experimental measurements 
t h e  r a t i o  

Columns 10 and 11 of 

p l a t e ,  t h e  i n i t i a l  l eng th  of t h e  crack 2.e was ref ined  
t h e  hor izonta l  comparator IZA-2. 
f o r  each p l a t e  we ca lcu la ted  t h e  value of p s  Jk.'; and 

From t h e  d a t a  of t he  

Tables 1 and 2 give t h e  r e s u l t s  of t hese  ca l cu la t ions  
f o r  s i l i c a t e  and organic  g l a s s ,  r e s p e c t i v k y .  
group of p l a t e s  with t h e  same angle  Cy (see Tables 1 and 2) a r e  p lo t t ed  i n  Fig.3, 

The mean value of V(w) f o r  each 

Fig  .l+ 

where t h e  t r i a n g l e s  r e f e r  t o  t h e  organic-gl.ass p l a t e s  and t h e  c i r c l e s  t o  the  
s i l i c a t e - g l a s s  p l a t e s .  
T ( a )  p lo t t ed  on t h e  basis of eq. (16) 

The heavy l i n e  i n  t h i s  diagram represents  t h e  func t ion  

For each p l a t e  we a l s o  measured t h e  angles 5, of t h e  i n i t i a l  p r o p g a t i o n  
( r o t a t i o n )  of t h e  crack. For t h i s  purpose, we used t h e  l a rge  BXI-1 instrument 
microscope which, i n  combination w i t h  a goniometric eyepiece and a pro jec t ion  
device,  made it poss ib le  t o  do t h i s  with considerable accuracy. I n  Fig.1, t h e  
quan t i ty  ?J+ is  t h e  angle  made by t h e  plane of t h e  crack and t h e  tangent  t o  t h e  
p t h  of i n i t i a l  propagation of t h a t  crack. 
of t h e  angle  8%, we assumed t h a t  t h e  tangent t o  t h e  path of i n i t i a l  propagation 
of t h e  crack was a s t r a i g h t  l i n e  passing through t h e  v e r t e x  of t h e  crack and a 
p i n t  l oca t ed  on t h e  path of propagation o f  t h e  crack a t  a d i s t ance  of 0.3 mm. 
TO i l l u s t r a t e  t h e  process of measuring the angle  B++, Fig.& gives a photograph 
of a n  organic-glass  p l a t e  f o r  t h e  crack a t  w = n/3 a f t e r  rupture .  Figure 5 i s  
a n  image o f  t h e  region D of Fig.4 a t  a nagni f ica t ion  of 30 x ,  as observed i n  t h e  

I n  t h e  experimental determinat ion 
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i 
projec t ion  device of t h e  microscope. This p i c tu re  shows a small part of t h e  
i n i t i a l  crack 2&, part of t h e  path of  t h e  crack a t  rupture ,  t h e  point  A a t  a 
d i s t ance  of 0.3 mm from t h e  vertex of t h e  crack, and t h e  measured angle  B,. The 
d i s t ance  0.3 mm was adopted i n  accordance with t h e  s c a l e  d i v i s i o n s  of  t h e  ocu la r  
head of  t he  microscope. 

Fig.  5 

For a l l  p l a t e s  used i t h e  e x p e r i y n t  we measured t h e  ang le  f o r  both 
r i g h t )  and 33t fief t )  ends o f  t he  crack, i .e.,  $41 

The r e s u l t s  of t h e  measurement are g i v e r  i n  columns 7, 8, and 9 of 
Tables 1 and 2, where d:;t = 1/2  (3% 
angles  B::' f o r  each grou? of  p l a t e s  ( s i l i c a t e  glass, Table 1 and organic  g l a s s ,  
Table 2 ) ,  a r e  p lo t ted  a g a i n s t  t h e  angle  a ,  ind ica ted  by t h e  c i r c l e s  and tri- 
angles  of Fig.2. 
confirm t h e  r e s u l t s  of o u r  t h e o r e t i c a l  ca l cu la t ions .  

+ i 3 6 ' 5 h t t )  ). The mean values o f  t h e  h r f  t )  

fi 
It w i l l  be clear f r o m  Figs.2 and 3 t h a t  t h e  experimental  d a t a  
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